Measuring chances

Wai-Ching Leung explains odds and probabilities

Introduction

In my latest article in the studentBM]J, 1
noted that statistics are useful when events
are not entirely predictable.! An important
use of medical statistics is to measure this
level of certainty and estimate how likely
certain events are to happen. One clinical
example is our attempt to estimate from
our clinical assessment how likely it is that a
patient is suffering from a given disease. If a
70 year old woman is admitted to an emer-
gency department with central chest pain
but with a normal electrocardiogram, how
likely is it that has she had a heart attack?
Another example relates to hypothesis test-
ing. Suppose we wish to find out whether
brain tumours are associated with use of
mobile phones. But no matter how many
people we get data on, we can never be
absolutely certain. Instead we measure the
level of certainty by estimating how likely
the data we obtain would have occurred if
brain tumours were not associated with
mobile phone use.

I will discuss these two specific examples
in more detail in future articles. In this arti-
cle, T will look at how chance can be meas-
ured, some examples and one pitfall in
interpretation that should be avoided.

Probability and odds

Chance can be measured in two ways. Prob-
ability is the more commonly used measure,
and almost all medical students should
have come across it. We can think of it as
the number of ways an event can occur
compared with the total number of possible
outcomes. Suppose we throw a dice, we
expect the probability that it will land on a
“1” is 16, that it is an even number is
36=12, and that it is greater than 2 is
4/6=2/3. Sometimes, we may estimate prob-
ability by observations—the number of
events to the total number of possible out-
comes. For example, if we throw a dice 600
times and it lands on an odd number 306
times, we estimate the probability of an
even number to be 306600=51%. Probabil-
ity can range from 0 (impossible) to 1 (cer-
tain to happen).

In the past, people tended to be more
familiar with the concept of odds than prob-
ability. Perhaps, this is why we hear “the odds
are against you” rather than “the probabili-
ties are against you.” Odds are the number
of events to the number of non-events. So,
the odds of a dice landing on “1” are 1/5,
that it is an even number is 1/1=1 and that it
is greater than 2 is 4/2=2. Odds can range
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from 0 (impossible) to infinity (certain to
occur). Odds of 1 means that it is equally
likely whether the event will occur or not.
Though less often used than probability,
odds are occasionally more useful in medical
statistics, and I shall illustrate it later in this
article

Definitions

® Odds=events/non-events
® Probability=events/(events+non-
events)

You will see from the equation above that
for a given value of probability, you can
work out from first principles the corre-
sponding value of the odds and vice versa.
For example, a probability of 34 means that
out of a total of four possible outcomes, the
event occurs on average three times but

Exam results

Pass
90%
10%
Unsuccessful
Diagram 1

does not occur once. So, odds=3/1=3. Fig 1
shows the relation between probability and
odds.

Subjective factors in interpreting

chances

Probability and odds are objective measures
of chances, but it is important to note that
we do not make decisions from such values
alone. For example, should we prescribe a
drug which has a 10% probability of induc-
ing a side effect? It depends on several fac-
tors. We are more willing to prescribe if the
side effect is minor (for example, skin
rashes) than if it is serious (for example,

Decision whether
to stay or leave

death). Conversely, we are more willing to
prescribe if the underlying disease is serious
(for example, cancer) than if it is trivial (for
example, a cold). Furthermore, some
patients are more willing to accept a given
chance of a side effect than others. If we tell
our patients with a throat infection that
there is a 10% chance that an antibiotic may
cause nausea and vomiting, some patients
may wish to take the risk whereas others do
not.

Adjustment of our estimate of
chance

Rather than an isolated event, we usually
deal with a sequence of events in medical
decision making. Suppose a woman pres-
ents with chest pain. When we take a his-
tory, she may or may not have associated
clinical features of a heart attack. The elec-
trocardiogram may or may not be abnor-
mal. Subsequent cardiac enzymes may or

% of students in
each category

20% Stay 90% x 20% = 18%
80% Leave 90% x 80% = 72%
90% Stay 10% x 90% = 9%
10% Leave 10% x 10% = 1%

may not be elevated. Clearly, our estimates
of her chance of having suffered a heart
attack will be adjusted and improved on
with the extra information at each stage.

Example 1

Let us start off with a simple example using
probability as a measure of chance. Sup-
pose you pick one card from a deck of cards
at random. The probability that it is the
king of hearts is 1/52. Now, suppose your
friend tells you that it is a red card. The
probability that it is the king of hearts is
now increased to 1/26, since there are only
26 red cards. Similarly, if she now tells you
that it is a heart, the probability is now fur-
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ther adjusted to 1/13. With the extra infor-
mation at each stage, you are able to
improve your estimate. If we use KH, R,
and H to represent king of hearts, red card,
and hearts, respectively, we can simply write
our results as:
P(KH)=1/52P
(KH/R)=1/26P
(KH/H)=1/13

The symbol/stands for “given that.” For
example, P(KH/R) stands for “the probabil-
ity that it is a king of hearts given that it is a
red card.”

Probability trees
Probability trees are useful for slightly more
complicated examples.

Example 2

Let’s imagine at the end of your first year,
90% of all students pass all their summary
examinations in May. You know from expe-
rience that among these successful students,
about 80% leave the university city for their
summer holidays and only 20% stay
behind. Among those who are unsuccessful
in one or more of their examinations, 90%
stay in their university city to prepare for
their resits, and only 10% leave. Suppose
you stay behind in summer to continue
your part time job and happen to see a fel-
low student in your year in your university
town. What is the probability that he was
unsuccessful in one or more of his first year
examinations?

There are two sequential events, the
examination results and whether the student
stays behind. The probability tree is as fol-
lows.

All students can be placed into one of
these four categories. The proportion of stu-
dents in each of these categories can be cal-
culated by multiplying the values of the two
probabilities. For example, in the first cate-
gory, out of 100 students, 90% (90 students)
pass all papers. Out of the 90 students, 20%
(20% x 90=18 students) stay behind.
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Fig 1

How can diagram 1 help you to estimate
the probability that your fellow student was
unsuccessful in one or more of his papers?
Before you meet him in the city, his proba-
bility of being unsuccessful was 10%, since
this is the overall proportion of students who
are unsuccessful. But you meet him in the
city. This information should increase your
estimate of the probability that he has been
unsuccessful. From the probability tree, the
fact that he stays over summer means that he
can only be in one of the two categories
highlighted in yellow. Out of 100 students,
he can only be one of the 27 students (18 stu-
dents who passed and 9 students who were
unsuccessful). Therefore, your revised esti-
mate that he was unsuccessful is
9/27=33.3%.

Example 3
Can example 2 be applied to clinical deci-
sion making?

Imagine you are in general practice.
From past experience, you know that out
of all men presenting with clinical features
of depression, about 10% have an underly-
ing alcohol problem. You were taught to
use a simple questionnaire (similar to the
cut down, annoyed, guilt, eyeopener
(CAGE) questionnaire) to identify patients
with an alcohol problem. Previous research
shows that of all patients with alcohol
problems, 90% are correctly picked up
by the questionnaire. Of all patients with-
out alcohol problems, 80% are correctly
excluded by the questionnaire. You see a
man with depression and his questionnaire

Alcohol Questionnaire % of patients in
problem results each category
20% +ve 90% x 20% = 18%
No
90% 80% —ve 90% x 80% = 72%
10% 90% +ve 10% x 90% = 9%
Yes
10% -ve 10% x 10% = 1%
Diagram 2
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results are positive. What is the probability
that he has an underlying alcohol
problem?

In fact this clinical example is almost iden-
tical to example 2. There are two events:
whether the patient has an alcohol problem
and the questionnaire results.(see diagram 2)

Before the questionnaire, your estimate of
his probability of having an underlying alco-
hol problem is 10%. But with a positive ques-
tionnaire result, he can only be in one of two
categories highlighted in yellow. Therefore,
his probability has increased to 9/27=33.3%.

Usefulness of odds as a measure
of chance

I will now illustrate how odds can occasion-
ally be very useful. In example 3, we have
shown using a probability tree that our ini-
tial estimated probability of 1/10 that the
patient has an alcohol problem increases to
1/3 with the subsequent knowledge of the
questionnaire result.

If we had used odds instead of probability
to measure chance in the first place, we
could have obtained the same result without
the trouble of having to draw a probability
tree. One useful property of odds is that if we
want to know the combined odds given sev-
eral pieces of information, we can simply
multiply the odds of each piece of informa-
tion. In example 3, the initial odds of the
patient having an alcohol problem from the
knowledge that he has depression is 1/9 (out
of 10 patients, one has an alcohol problem
and nine do not). The second piece of infor-
mation we have is that he has a positive
questionnaire result (diagram 3.) Now, since
90% of patients with an alcohol problem
have a positive questionnaire result but only
20% of patients without an alcohol problem
do, the odds of a person with a positive ques-
tionnaire result having alcohol problem is
90%/20%=9/2. Therefore the combined
odds with the knowledge that the question-
naire result is positive is 1/9 x 9/2=1/2. In
other words, for every one patient who has
an alcohol problem, two do not. This result is
precisely the same as a probability of 1/3 we
found earlier using a probability tree.

A potential pitfall: the
prosecutor’s fallacy

In example 2, it is not uncommon to make
the mistake that, since 90% of students who
are unsuccessful in their exams stay behind,
a student who stays behind has a 90%
probability of having been unsuccessful. We
note in example 2 above that, in fact, the
correct probability is only 33.3%. This error
is to confuse P(unsuccessful/stay) with
P(stay/unsuccessful).

Similar mistakes have been made in crim-
inal courts relating to DNA evidence pre-
sented in rape cases. Scientists sometimes
give evidence to the effect that if the defen-
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innocent is only one in a million. This con-

Before questionnaire After questionnaire clusion is not valid, and the probability of the Are we failures?
= : result. defendant being innocent depends heavily . . . .
Out of 10 patients Out of 3 patients hy the t ied out in the first We inadvertentlly omitted a crucial word in
1'has problem, 1'has problem, on why fhe test was carried out In (he Hrs June 2002’s studentBMJ. In “Failure?” by
9 do not 2 do not place. This is to confuse P(DNA . . ’
match/innocent)  with  p(innocent/DNA Tim Rittman (p 198), the sentence should
Estimated 1/10 > 13 . . . have read: “It is fair to say that the United
e L) o match). This type of mistake is now known as L
probability By probability tree the prosecutor’s fallac States handled the situation badly regard-
p 4 ing the Arab-Israeli conflict”.
) _ What are the chances of that happening?
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dant is innocent, the chance of
obtaining the DNA match is one

in a million. The prosecuting
lawyer then invites the
jury to draw the conclu-
sion that since the
DNA  match is
obtained, the
probability

that the
defen-
dant

is

i
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